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SUMMARY 



A method ie described far analysing lending etroasee 
due to torsion in a "box with variable cross section and 
loading by means of a recurrence formula leading to a set 
of equations identical in form with the well-known three- 
moment equations. Formulas are given to deal with special 
features such as full-width cut-outs and onrry-thr ough 
Days. In conclusion, an npproximate form of the general 
method of analysis is presented that eliminates the need 
of solving a system of equations. The simplified method 
is sufficiently accurate for moBt requirements of practi- 
cal stress analysis and may he applied without knowledge 
of the general method. Numerical examples illustrate all 
procedures . 

INTRODUCTION 



The basic strength element of many wings is a box of 
approximately rectangular cross seotion. Vhen such a box 
is loaded by torques, the walls are subjected to shear 
stresses that can be calculated by the well-known formula 
for Bhells in torsion. In addition to the primary system 
of shear stresses^ localised systems of secondary stresses 
are sot up in the vicinity of concentrated torques and of 
discontinuities of the cross-sect lonal dimensions. TheBS 
secondary stress BystemB are froquently referred to as 
bonding streBsos duo to torsion, because their rosultants 
pro bonding moments in the planes of the walls • accompa- 
nied by the shear forces necessary to oauae spanwise vari- 
ations of the bending moments. 

In actual wing structures, the spanwise variations 
of loading and of cross-sectional dimensions cannot be 
reprosontod very well by simple mathomatioal expressions. 
General .methods of calculating bending stresses due to 
torsion therefore use the familiar procedure of dividing 
the box into bays such that the cross-sectional dimensions 
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nnd the torquos may "be assumed constant . within eaeh hay. 
The foundation for such general methods vas laid by Boner 
in a comprehensive paper (reference l); subsequent authors 
have followed Ebner 1 s lead more or less closely.. 

numerical calculations made by Ebner nnd others lead 
to the conclusion that bending stresses due to torsion 
are of practical importance only when the discontinuities 
of the loading or of the dimensions are very marked. The 
distribution of the loading nnd the dimensions of the 
cross sections at n distance from the discontinuity have 
only a negligible influonoe on the stresseB at the dis- 
continuity. Advantage could be taken of these fnctB to > 
reduce the numerical work required for estimating the max- 
imum stresses in the vicinity of major discontinuities If 
formulas were available free of Ebner' s assumption that 
no ribs exist within a bay. Such formulas are developed 
In this paper by a method that combinos parts of the meth- 
ods of Ebner (reforonco l) , Belssnor (reference 2), and 
ftrsedzlolski (roferonco S) . 

Tor tho final stress analysis it may be desirable to 
divido tho boam into short bays; numerical difficulties may 
thon bo encountorod in tho application of tho formulas. 
Psrallol formulas nro dorivod, thoroforo, basod on the as- 
sumption that tho bays are very short. This assumption 
leads to tho same rosultB as tho assumption that no ribs 
oxist within tho bays, which Is Ebner 1 a basic assumption, 
nnd tho formulas roproeont a special caao of Ebner 1 s 
thoory . 

ANALYSIS 07 A BOX WITHOUT CUT-OUTS 
Q-onoral Consldorati one 



Synops i s of problem nnd procedure .- The problem to be 

lnvestigited may be stated as follows: Given a box beam 
such as shown in figure 1 subjected to the action of 
torques concentrated »t certain bulkheads, find the stress- 
es caused by the torques. 

The cross sections are assumed to be rectangular and 
doubly symmetrical. The shapes of the cross sections are 
assumed to be maintained by ribs or bulkheadB rigid in 
their own planes. The derivation of the formulas is facil- 
itated somewhat if the actual crosB sections of the box 
are transformed Into simplified cross sections of the type 



shown in -figure 3. The valla of^tha ..simplified. seotienB 
are p.BBumed to oarry only shear stresses T, the oorner 
flanges only normal BtreasoB <r. She transformation im- 
plies no assumptions other than standard ones on stress 
distribution and is discussed in the appendix. 

The box beam under torque loads is a statically inde- 
terminate struoture. A statically determinate structure ■ 
is obtainod by cutting the redundant members at the sta- 
tions where the torques are applied and where the. dimen* ' 
sions of the cross section change, thus dividing the box 
into a number of bays. The four flanges are chosen as re- 
dundant members in accordance with Bbner's method (refer- 
ence l). For reasons of static equilibrium, the redundant 
foroes form a doubly antiBymmetrioal group of four forces 
X at each station (fig. 3). Under the action of the 
torques T and the forces X, each individual bay de- 
forms as indicated by the dashed lines in figure 3; the 
magnitudes of the forces X nre calculated by the princi- 
ple of consistent deformations of adjacent bays. 

Two seta of formulas °re given for the stresses in 
and the deformations of an individual bay. The first act 
is based on assumption A that no intermediate ribs ex- 
ist within the bay; the second set is based on assumption 
B thp.t closely spaced intermediate ribs exist within the 
bay. The formulas obtained under assumption B are more 
general and reduce to the corresponding formulas obtained 
under assumption A in the limit as a characteristic 
parameter Ka appearing in the formulas approaches zero. 
The approximate method of analysis described at the end 
of tho paper is based on assumption B. 

Sign conventions and notations .- External torqueB T 
are -positive when aoting clockwise viewed from the tip. 
Forces X are poaitive when aoting in tho directions 
shown in figure 3. Shear stresses T are positive when 
acting in the direotion of shear stresses caused by posi- 
tive torqueB. Normal stresses a are positive when 
caused by positive X-forcos. Tho warping deformations w 
aro positive in the directions indioatod by the daBhod 
linos in figure 3, that 1b, in the directions of positlvo 
X-forcos aoting on the outboard ends of the bays. 

A coordinate x is noodod only for formulas dealing 
with an individual bay. Tho origin is taken at tho out- 
board end of the bay under consideration (fig. 3). 
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Bays and stations aro numbered as shown in figure 4. 
Superscripts identify the force causing the stress or the 
deformation whonover definite identification 1b desirable 
Subscripts i and o denote the inboard and outboard 
ends, respectively.. 



' Stresses in an Individual Bay 

Each individual bay is acted upon by three independ- 
ent Bets of loads: a- torque T on each end, a group of 
forces X^ at the inboard end, and a group of forces X 0 

at the outboard end. Formulas will be given for the 
stresses caused by each load individually; the final 
stresses are obtained in each case by superposing the 
stresses caused by .the three sets of loads. 

• Stresses caused by torque .- The shear stresses set up 

by the torque acting on a given bay are given by the fa- 
miliar formula for shells in torsion and are, with the no- 



tation of figure 2, 



T b = 



T n = 



T 



2bot D 
T 

2bot c 



(1) 



The formulas are valid for bays without intermediate ribs 
(assumption A) as well as for bays with intermediate ribs 
(assumption B) . No stresses 0" are set up in the flanges 
when a bay is loaded by pure torques. 

Stresses caused by X-forces in .a bay without interme- 
diate ribs .- A group of X-forcos acting on one end'of a 
bay sets up normal stresses <j in the flanges and shear 
strosseB T in the walls. The sign convention adopted 
makes it necessary to distinguish a group X^ applied at 
the inboard end and a group X Q applied at the outboard 
end of tho bay. 

In a bay without intermediate bulkheads, the shear 
.stresses ca'-.seq by an X-group cannot vary spanwise bo- 
causo spazu.'ise variations of the shonr strees in a bay 
can bo effoctod .only by bulkheads transferring shear 
stros'sos from one pair of walls to tho other pair. The 
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shear stresses "being' constant',- the-flange forces vary 
linoarly along the bay (fig. 5), and tho flange stresses 
caused "by .'an inboard group and by an outboard group of X- 
foroes are given, respectively, by the formulas 



xX 
ai. 



(a-x)X 0 



(2) 
(3) 



The Fhear stresses are obtained by applying two equations 
of equilibrium. The condition ST o o applicable to any 
cross section of the bay gives 



Tb t b bo + T c t c l)C B 0 



(4) 



The condition EX b 0 applied to a flange acted upon by 
an X-force at the inboard end gives 

x i + T b*ba - T 0 t c a • 0 (5) 

The combination of equations (4) and (5) yields the result 

T,, = -Xi/3at D 

T 0 = X 1 /2at Q 



(6) 



Vhen the forces X are applied at the outboard end of the 
bay, the stresses are 



T t = X 0 /2at 1) 
T c = -X 0 /2at 0 



(7) 



Stresses caus ed by X-f o rces in a bay with i ntermediate 
ribB .- In a bay with intermediate rlbB. the shear stress 
varies spanwise (fig. 6). The equation of equilibrium 
EX = 0 for the flange must therefore be written in the 
form 



A H + Tb*b - T C*C 



(8) 



which yields on' differentiation 
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dT n 



. d a a fc 
A — =■ + t-u 

dx a * dx 



- t, 



dT ( 
dx 



(9) 



The shear strains of the walls are' obtained by adding the 
strains caused "by twisting and the strains caused by warp- 
ing. If 6 denotes the angle of twist, 



v o dfi 2w 



+ i 4fi . 2w 
2 dx c 



(10) 



Elimination of 4^" from equation (10), differentiation, 

dx 

end multiplication by the shear modulus Q gives 



dx 



- c 



dx 



= - 4<J 



dw 

dx" 



(11) 



d.w (J 

1Iow dx = ~E " by fun<ialien * a l definition, where E is 



Young's modulus, and T c * c = - T h*b ^ equation (4). Sub- 
stitution of these expressions in equation (ll) and then 
in equation (9) yields the differential equation 



d 3 <7 



8GCT 



dx 3 A3(b/t 1) + c/t c ) 



= 0 



(12) 



With the boundary conditions a = 0 at x = 0 and 

a = X/Aj at x a a, valid for an X-group acting at the 

inboard end of the bay, the solution of the differential 
equation is 



_ X t slnh Kx 
A sinh Ka 



(13) 



and by analogy for an X-group at the outboard end 



X 0 sinh K(a-x) 
<j = — - 



A sinh Ka 

where the parameter X is defined by the equation 



K" 



80 



AETb/t^ + c/t c ) 



(14) 



(15) 
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The shear stresses caused by an X-group acting on the hay 
may 'now he f ound by --substituting tie value. , of a given hy 
formula (13) or (14) in formulas (8) and (4); they are 



X^K cOsh Xx 
f b " 2^ 'sinh K a 

X jg cosh Kx 



T« = 



2t 0 sinh Ka 



(16) 



T* = 



X fi K oosh K(a-x) 



- _o 



2t D sinh Ka 



T» = - 



X Q K cosh K(a-x) 
2t„ sinh Ka 



(17) 



Deformations of an Individual Bay 

Prin ciple of c alc u lation .- Under the action of the 
torquos and of the ^rcaps of X-forces, tho end cross sec- 
tions of an inli vi <? uul hay wp.rp out of thoir original 
pl.Tos (fj*;. ) , magnitude w of tho warping will he 

calculated hy zjio method variously called method of inter- 
nal work, method of dummy unit loading, method of virtual 
work, etc. Tkie method involvoB throe operations: First," 
the ntrossop a and T caused hy the apolied loads are 
calculated. Second, a force or a system of forces U 
(unit force) j b applied in the direction of tho deforma- 
tion sought, and thn otrossos Of" and t u caused hy the 
force U are calculated. Third, the deformation 1b cal- 
culated hy the principle that tho external work done hy 
tho unit force must equal the intornnl enorgy stored! hy 
virtue of the existence of the unit force; this principle 
is str.tod in tho equation 



EUw 



■fff* ' -If J* 



dT 



(18) 



where T is tho volume of the stressed material; the sum- 
mation sign designates that U may he a group of forces. 
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The warping of a cross section is doubly anti symmet- 
rical (fig. 3). The dummy unit loadings employed in this 
particular problem consist therefore of doubly antisymmet- 
rical groupB of four forces U similar to the Z-groups 
chosen as the redundancies of the statically indeterminate 
system. The stresses cnused by the dummy unit loads U 
cnn therefore be calculated by the formulas for stresses 
caused by X-foroes; ere must be taken, however, to use 
the signs in agreement with the sign eonventirns. 

War-ping caused by torque .- The stresses caused by a 
torque T acting on a buy »re by equation (l) 

CT = 0 



Tv = 



Pbct^ 
T 

2bct c 



(19) 



In ordor to compute tho v»rping at the outboard end of tho 
bay, a dummy unit load consisting of four forces U 1b 
Introduced «t tho outbcird ond. Under the nssumption that 
no Intormodlate ribs oxlst In tho bay, tho strosses a® 



and t 
Etituting 
are 



caused by these U-fcrces can be computed by sub- 



f or 



in formulas (3) and (7). The results 



a U = U (q -x ) 
Aa 

T b U = U/Sat^ 
T * = -U/aat, 



(30) 



The expressions for a, T, or , and given by formulas 

(19) and (20) «re now substituted in equation (18) and 
give 



4Uw 0 = 2 



V 1 
i=0 



FlbTt^ iaT^ ***** 



+ 3 



x=a 

r i (- -*-.) 

J G 3bct c \ 3at 0 / 
x=0 



ct c dx 



9 



which yields "on "integratioh' 

This derivation of the formula vas given for the Bpeolflo 
case of warping at the outboard end of a hay without In- 
termediate ribs. The formula la not restricted to this 
case, however; It applies to bays without or with Interme- 
diate ribs* and it gives the warping at the inboard end as 
well as at the outboard end. This faot can be' verified 
easily by substituting the proper stresses T" in equa- 
tion (18) and integrating; it can alsfl be deduced directly 
from the faot that the shear stresses caused by a torquo 
are not affected by intormodiate ribs. 

War-ping OPUBOd by X-forooB .- Tho warping at the out- 
board end of a bay caused by an Z-group acting at the out- 
board end may be written in the form 

w 0 * pX 0 (32) 

where the coefficient p is obtained by applying equation 
(18) in the form 



x=a x=a 

P> (TO* 

4Uw n = 4 : A dx + 2 / " fl " ■ bt^ dx 



/ 



X=0 XnO 



x=a „ 

/ ^ 



£T T U 



By substituting in this equation the proper formulas for 
the stresses and integrating, the coefficient p is found 
to be, for a bay without Intermediate ribs, 



3 AS 



+ -L- (-1 + JL> (33) 
8Ga Uv t«/ 



and, for a bay with intermediate ribs, 
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2EAB \ Binh s Ka, 

+ -JL 



P = — ^— ( coth Ea — ^ 



(coth Ea + — ^ jf'-*- + -a.'N 

\ Binh 3 .Ea/ V*b 



= 00th '** (24 
EATE v 

The warping at the inboard end caused by an X— group at the 
inboard end is 

w i = -P*i (25) 

where p la given by expression (2?) or (24), as the case 
may be. 

The warping at the inboard end of a bay caused by an 
X-group acting at the outboard end of the bay may be writ- 
ten in the form 

*i = <l X o (26) 

By substituting the proper stress formulas in equation (18) 
and integrating, the coefficient q is found to be, for 
a bay without intermediate ribs, 



5= "6 



and, for a bay with Intermediate ribs, 

q = - _! /_ 1 + Ka cosh Ka \ 

2KAB \^ einh Ea sinh 3 Ka / 

+ — / 1 + Ea cosh Ea \ /b _c\ 
l6G\sinh Ka sinh s Ka J \f B t c J 



KAX sinh Ea 



(28) 



The warping at the outboard end of a bay caused by an 

X— group acting at the inboard end is given by the expres- 
sion 

*o = -* x i (29) 
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The general formula (84) for -a bay with many ribs re- 
duces "to the' Bpeciai f ormular ( 23) -f or a hay ■ without • in- 
termediate ribs in the limit when the parameter Ka ap- 
roaches aero. Similarly, formula (28) reduces to formula 
87) whan Ka approaches eero. When the parameter Ka 
■boaomes very large, formulas (24) and (28) Bimplify to 

p = -JL- + _L- (JL. + JL) « (30) 
P 2KAfl 160 Vt D t Q / KAH 

; '.. ' q = 0 (31) 

Formulas (30) and (31) are sufficiently accurate for most 
practical parpoBes when Ka > 5 and may be used a.e approx- 
imations vhen Ka > 3." 

In order tc Bimplify tho numerical evaluation of for-, 
mulas (24) and (28), thoy may be written in the form 

" 3A3 80* Vt b t oy / 

4 6A3 8&a V.t D t<J 

Tho coofficiontB C', C" , D 1 , and D" are given in figure 7, 



Recurrence Formula for the Calculation of X-TorosB 

Derivation of re c urrence formula .- According to the ■ 
principle of conEistent deformations, the warping at the 
inboard end of one bay must be equal to the warping of the 
adjacent outboard end of the next bay. The warping at 
the inboard end of bay n, that is, at station n, equals 

»n ± - "n* " Pn*n + *n X n-i * ^ 

In this expression, the subscript's n and (n-i) of the 

forces X designate the stations at which the foroea act, 

whereas the subscript n of w, p, and q designates the 

bey under consideration. The warping at the outboard end 
of bay n+i equals 
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v# v * w + v X - a X (35) 

(n+i) 0 n+i p n+i. n q n+i n+i v °' 

Equating formulas' (34) and (35) and rearranging the terms 
yields the recurrence formula 

tin x n-i ~ (Pn + Pn+i> X n + *n+i X n+i - - w n T + w n+i T (36 > 

By giving n successive values from n = 1 to n » r, 
there Is obtained a set of equations, each of which con- 
tains three of the redundant force groups X k There is 
one equation for each station except station 0 at the tip. 

Boundary conditions .- The tip of a "box beam is normally 
free from axial loads or restraints; the forces X at the 
tip are therefore zero, and the first equation of the sys- 
tem is 



- (Pi + Pa) x i + <Ia x a = -*i T + *a a 



(37) 



When a beam is attached to a rigid foundation (fig. l) , 
the foundation may be considered a bay (r + 1) having in- 
finite shear stiffness and infinite axial stiffness, there- 
fore 

w r+i T = Pr+i = *r+i = 0 
and the last equation of the system becomes 

' It X r-i ~ Pr x r = " w r T < 38 ^ 

The condition of a rigid foundation may exist in a practi- 
cal structure by virtue of symmetry (fig. 8). 

The torque reaction is frequently located at a dis- 
tance d from the plane of symmetry (fig. 9), and the 
forces X r are transmitted from the root of cne *ing to 

the root of the opposite ving by oarry-thr ough members 
having axial stiffnesses AB . The laBt equation of the 
system for this case can be written by inspection as 

*r X r 1 - pJ X *. = -* T (39) 

r r— 1 r r r 

where 

B ' s b + 4r (40) 
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AftllYSIfc' OT 'A' BOX WITH TUM^VISTH GUT -OUTS 



Qeneral oonslderat lonB .- In actual box beams, full- 
Width cut-outs nre often necessary (fig. 10) . If the region 
of the out-out 1b considered a bay and If the standard pro- 
cedure is used for rendering the structure statically de- 
terminate by cutting each flange at each station, it will 
be found that the remaining structure is incapable of car- 
rying load. The out-out region onn transmit torque only by 
two-spar or beam action of the two active walls. (The wall 
opposite the out-out is inactive beoauBo it oan carry no 
shoar loads for reasons of static equilibrium.) Beam action 
requires active participation of the flangeB; it Is there- 
fore not permissible to out them at.bcth ends of the out- 
out region, and the procedure of rendering the s.tructuro 
dotermlnato must be idodlfiod. The modification consists in 
combining the out-out region with the adjoining complete 
box section either on tho inboard side or on the outboard 
sido Into a combination bay (fig. 11) and cutting tho flange 
at tho ends of the combination bay. As indicatod by figure 
11, a combination bay will bo termed "type I" when the two- 
spar part is outboard and type II when tho two-spar part is 
inboard . 

Stresses and def or matlonB of a combination bur, type I . . 

In the two-spar part of a combination bay of type I (fig. 
11), the stresses are found by statics and are given by the 
equations 

+ la ( C t0 D ) /(41) 

A 

T_ «= — |- ■ (0 to D) (43) 

bot 0 

The formulas for the stresses in the box part of a 
combination bay and for the warping of the entire bay de- 
pend on the construction of the box part and will be given 
as before under assumption A (only end bulkheads exist) 
and assumption B (many intermediate ribs exist).' Under 
assumption A, the formulas for the stresses are 

"-Gr + T*) C 1 -"V^T 1 (Dtol) (43) 

x Abo A f \ bl/ aA 
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T b = 



2bdt t 



C 1 * f ) 



2at v 



2at- 



(D to a) 



(44) 



T c = 



T 

Ijbct" 



Sat, 



2at ( 



(D to B) 



(45) 



Under assumption B, the formulae for the stresses are 



Td X Q \ elnh K(a-x) X, olnh Kx . „ . . . 

+— ) + -i (D to E) (46) 

Abo A / slnh K a A elnh K a 



T, = 



2bct-j, 



E 



+ Kd 



cosh X(a-x 



T„ = 



2bct, 



I 

i 



Kd 



slah Ka 



X K cosh K(a-x) 
o 



2t t slnh Ka 
(D to 3) 

cosh K( a -xp X^E.'cosh K(a-x) 



Xj^K cosh Kx 
2t^ slnh Ka 



slnh Ka 

X.K cosh Kx 

+ — — 

2t slnh Ka 



2t c slnh Ka 



(D to E) 



(47) 



(48) 



The formulas for the warping of a combination hay may he 
written in a general form valid under assumption A as well 
as under assumption B by using the coefficients p and 
q previously Introduced. Warping caused by torque Is 
given by the formulas 



T _ „T 



Td 



= w + p — + 

be 2bcAE 



v T _ W T . Td 
W i " w + * bT 



(49) 



(50) 



The quantity w is calculated by formula (3l). The co- 
efficients p and q are calculated for the box part of 
the combination bay by tho proper formula for assumption 
A or B, as the case may be, The ter.ms with p and q 
in formulae (49) and (50) arise from the fact that the 
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torque applied at the two-spar end oreatea an X-group hav- 
ing a magnitude Td/bc at the Junction "between the two- 
spar part. and the box part. She last term in* formula (49) 
represents the deformation of the flanges in the two-spar 
pnrt; the value e of A and B should, therefore, he un- 
derstood to ho the average Values in the two-epar region. 

Tho formulas for warping oaused by X-groups are 

- »o B P' x o - * x i < B1 > 

w i " 1 X o " pX i ^ 52 ^ 

whore p 1 is givon by formula (40). 

Stroaaas and deformations of n combination bay, type 
II..- Eor a combination bay of typo II (fig. ll), tho for- 
mulas for' shear etrossos ara the same as for a bay of 
typo I. She formula for flange etreesoe and for warping 
aro replaced by tho following formulas: 

Td / x\ Xi 

" - - C 1 - 1) + r- (»»»■) cam 

/ Td j Xj\ Binh Kx X 0 B inh K(a-x) ^ x . . 

CT "( - TT- + i ) , . v +- a 7 . ^ v (0 to D) (55) 

V. Abo A / sinh Ka A Binh Ka 



«■ - v* + 4 " 3|4 (56) 
. bo 

w o. B ? X o - 1 X i <B8) 

Hodif icntions of the roourronce formula .- Tho partic- 
ular np.turo of n combination bay makoB it nocossary to 
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modify slightly tho two equations In whioh : the doforma- 
tlon at one ond "of the combinat Ion bay 1b equated to tho 
dof ox-mat ion of the adjoining bay. On tho assumption 
that the combination bay is the mth bay of tho boam, tho 
modlfiod equations pre, for a bay of typo I, 

Im-iV-a ~ (-Pm-i+Pm'5 + * m x n = ""m-i* + »« 0 * < 60 > 

1m X m-i ~ (Pm+P n +i5 x m + <lm+i X m+i " -"m^ + w m+i T < 61 > 
«\nd, for a bay of typo II, 

<lm-i X n-a - (Pm-i+P n > X m-i +' *m X m = - w m-i T + *a 0 T < 62 > 

<lm X m-i- ~ ( Pm ,+ Pm+i ) X m + Im+A+i B -*n? + w m+i T < 63 > 

The difforcnoos fron tho standard form conBist in tho 
"ppoaranco of tho tern p 1 Instead of p in two places 
and In tho appoaranco of two distinct torus for the torquo 
warping at tho outboard ond and at tho lnbo»rd ond of tho 
combination bay. 

APPE0XIMAT3 METHOD OF ANALYSIS 



Calculations on typical wing struoturos have shown 
that tho bonding strossos duo to torsion are soldom coro 
than about ono-tonth tho direct bonding stresses. Conso- 
quontly, an accuracy of 10 porcent in tho calculation of 
bonding strossos due to torsion will givo an accuracy of 
fbout 1 porcont on tho total strossos, which lb anplo for 
stress analysis. In nost practical caeos, thon, tho ain- 
plifiod nothod of nnalysis doBcribod horo 1b sufficiently 
accurato; casos in which p moro acourate analysis by tho 
general nothod is adviBablo can bo rocognized by inspec- 
tion. Hoferonce nay be nado to tho section ontitlod 
"Gonoral Considorat ions" for sign convontions rnd other 
prelininarioB . 

Amiroilmate analysis of a box without cut-outs.- The 
actual cross sections of tho box (fig. l) are transformed 
into idealized sections (fig. 2) by the method discussed 



17 



in the append!*.;, The major discontinuities of the oroas- 
Beotlonal dimensions and of the torque loading are lo- 
orted "by inspeot ion wing root, loeati'dne - of wing engineB, 
location of landing gear). ■ Tor any given diaoontinuity, 
the quantities K, p, and are computed oy the formulas 



8<J 



AB .(."b/t. ■ + o/t ) 



(15) 



2KAB 



ieW t Q ; 



= JL. 




(30') 
(21 ■ ) 



where T ia the applied torque and the superscript T in- 
dicate a that the warping w ia oauaod. by the torque; the 
moaning of the other nonatandard ■ symbols ie explained by 
figure 2. Iwo.vnlues of each of those quantities are cal- 
culated: one* denoted by the subscript, o, for the region 
just outboard of the diaoontinuity, pnd one, denoted by the 
subscript i, for the region just inboard of tho continu- 
ity. I"o» a root Boction rigidly fixed, or for tho contral 
plane of a symmotrion.l box loaded symmetrically (fig. 8), 
the quantities p^ and- wjT become aero. 

Tho flange forces at tho discontinuity aro calculated 
by "the formula 



X = 



w T _ w T 
"o w l 



(64) 



from which the flange Btreeses follow as cr a X/A. The 
shear stresses Caused by tho discontinuity are calculated 
by tho formulas 



T o = 




(65) 



To those she,ar . stresBoa CRueed by thp discontinuity must 
bo' addod the shear stresses caused by tho direct action of 
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the torque, whioh-aro given "by the. bnsio formula for 
shells in torsion 



T o 



2bct D 
T 

3bot 0 



(1) 



Tho valuos of tho etrossoB a and T p.t a distance x 
from tho discontinuity pro obtained by multiplying tho 
strossos givon by formulas (64) and (65) by tho factor 

e" Xl . This factor may he used in the following manner to 
indicate whether the approximate method is sufficiently 
accurate in a given case. 

The rpproximate method is- hp.sed on the assumption 
that the stresses caused by a given discontinuity are neg- 
ligible p.t the location of the next discontinuity. If 
an accuracy of 10 percent is considered sufficient as sug- 
gested, the approximate theory is sufficiently accurate 

when e~^ p ' < 0.1, where a is the distance between two 
successive discontinuities along the span. In practice, 
the specified relative accuracy need be maintained only 

Ka 

for the maximum stresses. The criterion e < 0.1 need, 
therefore, be met only for the region between the discon- 
tinuity cp-using the largest bending stresses due to tor- 
sion (usually the root of the wing) and the nearost dis- 
continuity. 

The flange forces X at the root of a wing with a 
carry-through bay (fig. 9) are obtained from the equation 

(p + I = .1 (66) 

where d is the length of a carry-through member as de- 
fined in figure 9 and A .is its cross-sectional area. 

Ap-proxlmate analysis of a box with cut-out .- When the 
discontinuity being investigated is the Junction between 
a box region and a region with p full-width cut-out (two- 
spar region), formula (64) must be replaoed by more com- 
plicated formulas containing the properties of the two- 
spar region as well as the properties of both adjoining 
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tw>x. r-e-gi-ons . H!vo . formulas are-necessary one giving tie 
forces X Q at the outboard end. of the two-spar region, 
the other one giving the forces at the inboard end of 

the two-spar region. The formulas are 

- (p. ♦ Pi ♦ if) *o - ■*.» * 1* * Pi |} + & (67) 

- (P. *Pi * S) «i - - Po ff - f& ■(«•> 



where d is the length of the cut-out and A the area of 
a corner flange in this region. 

It may he noted that formulas (30') and ( 21 1 ) differ 
by the factor G from the corresponding formulas (30) 
and (21). The modified form given here is obtained by 
eliminating the factor l/G and replacing the factor 1/3 
by G/E. This procedure is permi s sible if it is applied to 
each of the quantities p, p' , q, and v, beoause the fac- 
tor 1/6- can be canceled on both sides of the formula for 
the flange forces. The modified form is more suitable for 
numerical work than the original form. 



NUMERICAL EXAMPLES 



The numerical examples "ill be based on a box beam 
with the following properties: 



b, inches 60 

o, inches 10 

t D , inch 0.040 

t 0 , inch 0.080 

A, square inches 3.00 

Total length, inches 300 

G/E 0.385 



A torque of 120,000 pound-inches is applied in all oases. 
Tor examples of beams with variable cross Bection, the 
values of t^, t Q( and A in the outboard half of the 
boam will be assumod to bo half as largo as the basic val- 
ues Just given. In order to simplify tho calculation of 
the quant it Iob w, p, p' , and q, the factor 1/0 will al- 
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wave "be omitted, and the factor l/S will "be replaced by 
&/B aa diecuBaed In the ^receding section. 

B xanvple 1 . - The box is built In at the root and has 

only one bulkhead at the tip. U"o Intermediate ribs ex- 
ist. The torque is applied at the tip. Find the stresses 
in the' box. 

The entire box constitutes a single bay, because no 
bulkheads or ribs exist except at tho tip. There is only 
one unknown X x which acts at the root. Tor a single un- 
known, the system of equations reduces to the single equa- 
tion ■ 

- *iPi = -*i T 
The value of Wj, T is, by formula (21), 

T g 130000 / 6P_ _-_l£N „ 34>375 
1 8 x 60 x 10 \0.040 O.080> 

The value of p x is, by formula (23), 
300 x 0.385 



Pi = 



1 3X3 
The solution 1b 



^1 + 1 (_60__ + _10\ m w 
.00 8 X 300 \0.040 0.080/ 



r = 34375 254<) pounds 
1 13.51 



a = 



9540 = 847 uoundB per' square inch 
3.00 * . 



From tho maximum veiuo at . the .root ,- the flango stroBsos 
decroaso linearly to zoro at tho tip. 

The basic shear stresses caused by the torque are, by 
formula ( l) , . ' 

T. te 120000 ■ _ 25oo pounds per square inch 

° 2 x 60 X 10 X 0.040 * 

T„ = 120000 _ 1250 poun(i8 per square inch 

0 3 x 60 x 10 X 0.080 
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The sheaf streVses caused by- the X-foree are, "by formula 
(6), 

2540 

' T T> = " 2 X 300 X 0.040 = - 106 P0UndB P6r 84Uare lnCl1 

T o ■ 2 X 500 4 ? 0.080 = 53 P0UndB P " BWra in ° h 
The final chear stresses are therefore 

T-jj = 2500 - 106 = 2394 pounds per square inch 
T q = 1250 + 53 = 1303 pounds per square inch 

Exam-pie 2.- The "box is divided into four hays "by buljc- 
headsi out no intermediate ribs exist. The torque 1b ap- . 
plied at the tip. Find the stresses in the box. 

By formula ( 21 ) , 

Wi T = Wja T = W3 T = w 4 T = 34,375 (as in example l) 
By formula (23) , 

p = p = p^ = 75X0,385 + _L_ (_&0_ + _10 \ = 5 _ gi 

l a *4 3 x 3.00 8x75 \0.040 0.080/ 

By formula ( 27) , 

a =q , ' , 75*0.385 + _W 60 + _1P_ > ) , lml02 

*l V-b *3 *4 6 x 3 .oo 8X75 \0.040 0.080/ 

The system of equations for Z is therefore: 

- (5.91 + 5.9l)Xi + 1.102X a = -34,375 + 34,375 

1.102XJ. - (6.91 + 5.9l)X a + 1.102X 3 = -34,375 + 34,375 
1.102X a - (5.91 + 5.91)X 3 + 1.102X 4 = -34,375 + 34,375 
1.102Xg - 5.91X 4 = -34,375 

The solution of this system is 

X x = 5 pounds 
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X a = 52 pounds 



X 3 = 556 pounds 



*4 = 



6920 pounds 



The Bhear stresses In the root hay onuaed "by the X- 
forces are, "by formulas (6) *nd (?), 



~ " 2 X 75 X 0.040 2 X 75 x 0.040 



5930 + 556 



- 894 pounds per 
square inch 



5920 



556 



447 pounds per 
squrre inch 



2. X 75 x 0.080 



2 X 75 x 0.080 



The final shear stresses in the root hay are therefore 

T-jj = 2500 - 894 = 1506 pounds per square inch 

T = 1250 + 447 = 1697 pounds per square inch 
c 

Figure 12 shows graphically the spanwise variation of 
the flange forces for this "beam and for "beams divided into 
n = 1, 2, and 3 bays, as well as for a beam with many 
"bulkheads, which will be analyzed in the next example. It 
may "be noted that the flange force at the root obtained in 
this example for a bulkhend spacing of 75 inches differs 
only "by about 12 percent from the corresponding value for 
the hex with infinitely many "bulkheads. 

Examp l e 5 .- The "box has a tip "bulkhead and many inter- 
mediate riDs. The torque is applied at the tip. Find the 
strossos in tho box. 

The entire "box is considered a single hay. The valuo . 
of w T is the same as in the preceding examples. By for- 
mula ( 15) , 



K s = 8, x Q,jgS5 _ 0.000632 
3 x 1625 



therefore 



K = 0.0251 



Ka = 7.53 
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By formula ~(30);- r 

0.385 + 0.0351 X 1635 = B 1X 

2 X 0.0251 X 3.00 16 

and, "by formula (22), 



34375 

P 



x i = "T ■ "frit = 6740 V™*** 



The spanwise variation of the X-force is calculated by for- 
mula (13) 

X = X, B* nh K »i 
1 ainh Ka 

The shear stresses are obtained "by combining the shear 
stresses caused by torque given by formula (l) and the 
shear stresses caused by X x given by formulas (16). Fig- 
ure. 13 shows the stresses in graphical form. 

Example 4 .-. The box has end bulkheads and many inter- 
mediate rios. The torque is applied at midspan. Find the 
stresses in tho box. 

3y formula ( 21 ) , 

*i T = 0 

v a T = 34,375 (See example 1.) 
From example 3, 

K = 0.0251 

Ka = 0.0251 X 150 = 3.76 
By formula (24) , 



*n = T) b — 



0.385 [ 1 _ 3.76 | 

x 0.0251 x 3.00 Jo.999 " (31-. 6) "J 

0.0351 x 1625 j 1 3 .76 | _ 

H 16 [0.999 + (21.5) a J = ' 
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I 
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By formula (28) , 

0.385 



+ 



2 X 0.0251 x 3 
0,0251 x 1625 



r 1 + 3.76 Xl81.5 ~| 

.00 L 21.5 (21. 5) 3 J 
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15 f_l_ + 3-76 X 21.51 m 
L21-5 (21.5) 3 J 



The system of equations obtained by applying the recurrence 
formula is therefore 

- (5.11 + 5.1l)X 1 + 0.238X a = -0 + 34,375 
0.238S 1 _ 5.11X 3 = -34,375 + 0 

The solution is X t = -3510 pounds 

X 3 = 6560 poundB 

Figure 14 shows the final stresses in graphical form. 

A comparison of figures 13 and 14 indicates that the 
stresses at the root change very little when the spanwise 
location of the torque changes from the tip to midspan. 
The local stross peaks at the midspan torque ire much lower 
than the peaks caused at the root by the samo torque. 

Examples 5. 6. and 7 .- Tor the following three oxamplos, 
only the final results are shown in graphical form. It is 
assumed in all three examples that there are many intermedi- 
ate ribs. 

Figure 15 (example 5) shows the stresses in a "box of 
constant cross section with many ribs, subjected to the 
action of fivo equal torques ovenly spaced along the Bpnn. 
The sum of the fivo torquo3 is oquil to the torque of 
120,000 pound-inches used in the provious oxamplos. The 
stressos at tho root r.ro noarly oqual to thoso calculated 
in oxamplos 3 and 4, showing again that tho root stressos 
depond chiofly on tho total torquo at tho root and vory 
littlo on the distribution of this torquo. 

Figure 15 (oxamplo 6) shows, tho stressos in a box under 
tip torquo when tho thickness t 1 ^ and t Q and tho flange 



I 



25 



aroa„,.A in tho out "board half aro roduood to one-half 
thoir" basio^ value s"7 "" The i discontinuity in the dimensions 
causes local stress peaks. 

Figure 17 (example 7) shows the stresses in the box 
of the preceding example when the torque ia applied at 
- midspan. 

Bxp.m-ple 8 .- The "box of example 3 ia attached to a 
carry-through bay (fig. 9); the length of this bay is 
d = 30 inches, the cross-sectional nrea of each member 
in it is A = 3.00 square inches. Find the X-foroe at 
the root. 

Troa example 3, 

p = 5.11 
w T = 34,375 
1 = o 

By formula (40) , 

• c 30 x 0.385 _ „_ 
p' = 5.11 + = 8.96 

Ey formula (39) , 

-8.96X 1 = -34,375 

X x = 3840 pounds 

Comparison with example 3 shows that the presence of the 
carry-through bay reduces the maximum flange force by 
about 40 percent . 

Example 9 .- The "box of example 3 has the top cover 
and the "bottom cover removed over the region from x = 150 
to x = 180 inches from the tip. Find the X-foroes along 
tho span. 

Tho two-spar region will ho combined with tho region 
betwoon it and tho root to form a combination bay of type 
I. 3y formulas (24) and (28), 



p x e 5.11 <li = °-224 

p a = 6.06 q a = 0.502 
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By formula (40) , 

p 3 ' = 8.91 
By formulaB (49) and (50), 

w 3 = 34,375 + 30,350 + 11,540 = 76,265 

w 3jl = 34,375 + 3,010 = 37,385 

By formulaB (60) and (61), 

-(5.11 + 8.91)2! + 0.502X 3 = -34,375 + 76,265 
0.505X 1 _ 5.10X 3 = -37,385 

The eclution of these equations is 

X x = -2735 pounds 
X a = 7120 pounds 

The X-force at the junction between the two-spar part 
and the box part of the combination bay is obtained from 
formula (4l) after multiplying through by A: 

X = 30 * 130 °°° - 2735 = 3265 pounda 
60 x j.0 

The spanwise distribution of the X-force is shown in figure 
18 . 

Sxam-ple 10 .- Solution of example 9 by the approximate 
method . 

By formula (15), as in example 3, 

E = 0.0251 

By formula (30 1 ) , 



0.385 

P - 



2 X 0.0251 x 3 



— + °- 0251 (—5°- + -J£-) = 5.11 

.00 16 \0.040 0.080/ 



By fornula (21' ) , 



27 



W T = 180000 f §2 10 \ . 34f37B 

8 X 60 x 10\ 0.04 0 0.080/ 

Turthermore , 

d& _ 30 X 0.385 _ 3 85 
A3 3.00 ' 

1A _ 13QQ0Q X 3Q = 6000 
"bo 60 x 10 

p 1* - 30,560 
DC 

= 11..S50 

2bcA3 

At the root, "by formula (64), with j>± = 0 

-5.11X = -34,375 

X = 6725 pounds 

At the outboard end of the two-spar region, by formula (67), 

- (5.11+5.11+3.85)X 0 = -34,375 + 34,375 + 30,660 + 11,550 

X 0 3 -3000 pounds 
Similarly at the Inboard end, "by formula (68), 

X^ = 3000 pounds 

In this particular caso, X^ is oqual to X 0 because the 
box inboard of the two-spar region has the samo dimensions 
and the same torquo loading as the box outboard of the two- 
spar region. 

At a station 50 inchos from the root, tho valuo of X 
is reduced by the factor e : 

X B0 = 6725e~ 1 * a5B = 1915 pounds 



28 



At the same station, there is a contribution from Xj . 
The distance from equals 70 inohes; therefore, 

X 50 = 3000e -1 ' 757 = 518 pounds 

The total force at this station is, therefore, 
X B0 = 1915 + 518 = 2433 pounds 

The values of X obtained "by the approximate nethod are 
shown as circles in figure 18. 



Langley Homorial Aeronautical Laboratory, 

National Advisory Committee for Aeronautics, 
Langley Field, Vp . 

APPENDIX 

T HA1T S 7 ORMAT ION OS ACTUAL BEAM SECTIONS INTO 
IDEALIZED SECTIONS 



If the web of a plate girder is assumed to furnish no 
contribution to the bending strength of the girder, the 
section modulus of the girder is given by the oxprossion 
hAp, where Ay is the cross-sectional area of a flange. 

The section modulus of the web acting alone is given by 

1 3 

the oxprossion — h t. The soction modulus of the ontiro 
girdor is 

Z = h(k 7 + i-ht) 

The actual girdor may thcroforo be roplacod for tho purpose 
of computing oxtromo fibor strosses by a fictitious girdor 
having a web carrying only she*>r stresses and a flango hav- 
ing an aroa oqual to ^Aj + -i-ht^. This substitution is os- 

pociplly usoful whon four girdors are combinod to form a 
box, bcoauso tho condition of continuity of stresses along 
tho odgos is then automatically fulfilled. Tho fictitious 

flango aroa becomos, for this case, Ay + •^■bt- b + -^ctg. 
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Won longitudinal stringers aro rlvoted to tho woo, 

the aano substitution may "be" uaod if ht is understood to 
moan tho oroBS-eect ional area of all material offootivo 
in "bonding, exclusive of the concentrated flanges thom- 
solvos. Care must ho taken, however, to use reduced areas 
where the stringers are interrupted by cut-outs. 

The t.hlokness of the fictitious weh capable of carry- 
ing only shear stresses may he made equal to the actual 
thickness of the veh. This method is approximate, but it 
is sufficiently accurate in most cases. When the web forms 
diagonal-tension fields, on nppropriate correction must he 
made to the shear modulus. 
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Figure 2,-Idtalized cross j>«c+ion of box. 




Fiflure4. - Convention fop numbering bays and 
stations. • 




Fifturo 5.- StroBBOB cauBod "by A^-^rorap in a "bay without intornediato 
rib a. 




Figure 6.- StroBBOB caused by Xi-jgrcmp in a bay with intomodiato ri'bs 
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Figure 13.- StrpsBQB in "box of constant cross soction with torque 
applied at tip. Ulrranplo 3. 
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ligare 14.- StrosBQB In' "box of constant croaB soctlon vrlth torquo 
applied at raidspan. Xzmnplo 4. 
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Figure 15.- Strossos In "box of constant cross soction TriLth torque 
distributed over 5 stations. Exacrplo 5. 
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figure. 16.- StroBsos in -box -of variable cross section with torque 
applied at tip. Bxanplo 6. 
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Figure 17.- Stresses in "box of variable cross soction with torque 
applied at nldspan. Example 7, 
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ffigoro 18.- X-forcoB in box with cut-out; torque appllod at tip. Ix- 
anploa 9 and 10. 



